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C24 DS2 Dynamical Systems 2
Mark Cannon Michaelmas Term 2025

mark.cannon@eng.ox.ac.uk

You are expected to refer to textbooks as well as the lecture notes when at-
tempting the questions on this sheet. Some questions suggest using numerical

methods in Matlab, Python, or Mathematica.

Questions

1. Asymptotic Behaviour
(a) Consider the system
T1 = To
Ty = —x1 + (1 — 22 — 23) 2y,
(i) Is the origin stable?
(i) Show that this system has a limit cycle and find it.

(iii) Show that all trajectories not starting from the origin converge to the

limit cycle.
(b) Show that the (0,0) equilibrium of
&= —a’+2y°
Y= —2:1:y2
is asymptotically stable, using the candidate Lyapunov function V' (z,y) =
32 + 7).
2. Constructing a Trapping Region

Consider the system

. 2
r1 = —T1 + ary + x7T2

To =b—axry — x%xg
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where a,b > 0.

(a) Find the stability properties of the equilibrium at (b,b/(a + b%)). When is

this equilibrium point unstable?

(b) Show that the region defined by z; > 0, 3 > 0, 22 < b/a and x5 <
—x1 + (b/a + b) is a trapping region.

(c) Use the Poincaré-Bendixson theorem to determine conditions on a, b that

ensure this system has a limit cycle.

3. Nonexistence of Periodic Orbits
(a) Show that the system
.fl = $1(2 — X1 — .IQ)
.j72 = .1'2(4371 - x% - 3)
has no closed orbits in the first quadrant using Dulac’s theorem with

B = 1/(x%25) for some a,b. Find the four equilibria, classify their stability
and sketch the phase portrait.

(b) Use the Dulac function B(x,y) = be~?’" to show that the system

T =1
= —ax — by + ar® + By?
has no limit cycle on the plane.

(c) Consider the system

Show that there is no limit cycle within the strip |z1] < 1, using the

Bendixson-Dulac theorem.
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4. Index Theory

(a) For the system

Show that:

(i). Index theory predicts 4 limit cycles are possible

(ii). Dulac’'s theorem implies there are no closed orbits
(b) Show that the system

Z1

x’l = xrie

Ty =1+ 21 + 25
does not have any closed trajectories.

(c) A system has three closed trajectories, Cy,Cs and Cj, all anticlockwise,
with C'5 and (3 enclosed by ;. C5 does not enclose ('3 and vice-versa.

Show that there is at least one fixed point enclosed by C; but not by C5
or (5.

(d) Determine the index of the zero equilibrium of

[Hint: plot the vector field in Matlab or Mathematica.]
(e) Determine the index of the zero equilibrium of
2_ 2
Yy = 2xy.

r=x

[Hint: plot the vector field in Matlab or Mathematica.]
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5. One-dimensional bifurcations
For the following systems, classify the number and type of bifurcations:
Q) t=p—z—e"
(b) @ = —z + ptanhx.

(c) & = px + 2t

6. Hopf bifurcations
Show that the following system
i1 = pry — v + oy (7] + 13)
iy = 21 + py + oxo (2t + 23)
undergoes a Hopf bifurcation at (0,0) when p = 0 and that this bifurcation is
(a) Supercritical if 0 = —1.
(b) Subcritical if o = 1.

(c) Degenerate if 0 = 0.

7. Real Quadratic Map

Consider the system

xn—>m2+c

(a) Find all equilibria as a function of c.

(b) Considering ¢ as a bifurcation parameter, find values of ¢ where bifurca-
tions occur.

(c) For which values of ¢ does this system admit a stable 2-cycle?

(d) Draw an orbit diagram for this map, using e.g. Matlab, Python, or Math-
ematica
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8. The Rikitake system
Consider the Rikitake system, for constants 1 > 0 and «,
T =—ur+ 2y
Jy=—py+ (2 —a)
z=1—uxay
(a) Show that the system is dissipative (i.e. that V - f(x) < 0 for all x, where
x = f(x), x = M)

(b) Find the fixed points and show that they can be written in the form
x* = +k, y* = +1/k and 2* = pk? where a = pu(k* — 1/k?).

(c) Classify the stability of the fixed points.

(d) Simulate this system with parameters a = 5, u = 2, using e.g. Matlab,
Python, or Mathematica.
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Some Answers and Hints

1(b).

3(a).
4(a).

Hint: use a Lyapunov function of the form V(z,y) = (2% + 4?).

— 2
a="b=1.
Hint: in Dulac’s theorem, try B = 1/(x4x}) for some integers a, b.
Index = 0.
A saddle-node bifurcation at u = 1.
A pitchfork bifurcation at = 1.
Hint: change to polar coordinates.

Hint: consider the two-hop map, zx12 = f(f(zk)).

V - f = —2u, hence the system is dissipative.



